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Abstract 


The  Kohn-Hulthen  variational  procedures  of  Part  I  are  modified 
so  that  the  result  for  the  scattering  operator  and  reactance  operator 
is  independent  of   the  normalization  of   the  trial  functions. 
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1,     Introduction 

In  Part  I  of  this  paper '-^  we  gave  an  abstract  fomulation  of  the 
Kohi>-Htilthen  variational  principle.     We  showed 


(1.1)       ^<  E,a|T_|E,a'  >^   -     Im    ^^  E+v,a|H-E|E,a'  >^    +   ^<  E,a|T_^|E,a'  >  , 

V->0 


(1.2)         <E,a|TglE,a«  >    -     lim  ^^  E+V,a|H-E|E,a'  >^    +     <  E,a|Tg^|E,a'  >  , 


where  the  states  |E,a  >  .  approximate  lE,a  >  and  |E,a  >.  approximates 

|E,a  >  ,  and  these  states  are  required  to  satisfy  the  conditions 
s 


r 


(1.3) 


V 


iH  t 
11m    e     e"    |E,a  >_.  »  lE,a  >^ , 
t->  -  00 


IB  t   .-^ 

13m    e  °  e"""^  lE,a  >_^  -  |E,a  > -2ni   iE,a»'>da"  ^<  E,a"|T_^|E,a  >  , 
t->  +  00 


(l.U) 


lim    e     e"    lE,a  >^. 
t->  +  a) 


|E,a  >  , 


|E,a  >  .  -  I 


lim    e  °  e""^*  |E,a  > 

t-«>-00 


E,a  >  +2iii 


|E,a"  >  da"  <  E,a"  |T^^lE,a  >  , 
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r 


(1.5) 


iH  t      ^. 
11m        e  e  lE.a  >  .   »  |E,a  >    +  in 

t— >  -00 


^o*    -lEt 


r 


|E,a"  >    da"  <E,a"|T  .|E,a>  , 


St' 


Im        e    °     e"^''   |E,a  >  .   »   |E,a  >    -  in       |E,a"  >    da«  <E,a"|T  .|E,a  >  , 


t->  +  oo 


St 


St' 


where    <E,a|T  .|E,a'  >    and    <  E,a|T  .  |E,a»  >    approximate    <  E,a|T  |E,a'  > 


'st 


±t' 


and  <E,alT^|E,a'  >  respectively.  The  conditions  (1.3)  -  (1.5)  follow  from 

the  analogOTis  conditions  on  W^.  and  W  .  (Part  I,  (8,2),  (8,3),  (8,13))  if  we  write 


(1.6)  { 


|E'^=;t  •^t'^'^'t)' 


l^*^="st  -^stl^>^>o- 


Let  us  take  as  the  test  states  |E,a  >.  and  |E,a  > 


r.  ..■- 


(1.7) 


|E,a  >^^  -   |E 


,a>    +XjE,a>^J^ 
<  E,a|T_^|E,a'  >    -  X.  <  E,a|T[^V,a'  >  . 


\ 


|E,a  >g^  -   |E,a  >    ♦  X  |E,a  >^\ 


^'•'^      ^st<^'«|-o<^'-l*'*^si<^'«l> 


V 


<E,alT  .|E,a»  >    -  X  <  E,a|T^^^|E,at  > 


'st 


where  |E,a  >  x  ,   |E»a  >\      are  arbitrary 

8  w  i 
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Then  on  substituting  (1»7)  into  (l.l)  and  minimizing  with  respect  to  X_^  and  X^ 
and  on  substituting  (1,8)  into  (1,2)  and  minimizing  with  respect  to  X  and  \i, 
one  can  obtain  another  foiin  for  these  variational  expressions.  They  are  given 
in  the  next  section. 

2,  Alternate  form  for  the  variational  expressions 

Using  the  procedure  described  above  we  find  that  we  can  write 

(2.1)   o<  E'^|TjE,a'  >  =  <  E,a|v|E,a'  >^ 


<E,a|l2|E,a'  >  [  <  E,a|LL|E,a»  >  +  <  E,a|T^^|E,a'  >] 


<B,a|l^|E,a'  > 


where 


r 


<  E,a|l^|E,a'  >  -  lia  <  E+v,a|H-E|E,a»  >_^, 


v-o-O 


(2.2)  /  <E,a|l2|E,a'  >  -  ^<  E,a|v|E,a'  >  , 


V 


<  E,a|l  |E,a'  >  -  lim  <  E+V,a|H-E|E,a»  >  . 
■^         v->0 


The  states  |E,a  >   are  to  be  regarded  as  trial  functions.  They  are  defined  by 


(2.3)    lE,a  >  .  =  |E,a  >  +  |E,a  > 


it 


I |«<j __ 

Rosenberg  and  Spruch*-  '  obtained  similar  results  for  special  cases  of  scattering, 

Moe  and  Saxon L^-'  also  appear  to  have  obtained  similar  results  for  special  cases. 
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and  represent  the  scattered  (or  'radiated')  waves  at  finite  time. 

From  (2,1)  and  (2.2)  it  is  clear  that  if  |E,a  >^  is  multiplied  by  any 
constant  c  and  |E,a  >   and  <  E,a|T_. |E,a'  >  are  multiplied  by  any  other 
constant  d,  one  will  obtain  the  same  approximate  expression  for  <  E,a|T  lE,a'  >. 
In  this  sense,  the  variational  expression  (2.1)  is  independent  of  the  nomsilization 
of  the  trial  function. 

One  can  also  express  L, ,  Ij,  lo  ^  terms  of  the  original  trial  functions 
|E,a  >^. ,  instead  of  |E,a  >   •  The  expressions  become 


r 


<E,a|Lj^lE,a'  >^   -  lim  <  BfV,a|H-E|E,a'  >_^  -  <  E,a|v|E,a'  >  , 

V->0 


(2.U)  I     o<^'^I^2^^'^'  ^o  -  >t<E,a|v|E,a'  >  -  <E,a|v|E,a«  >, 


3<E,a|l^|E,a'  :> 


11m  i 


V 


^.<  E+v,a|H-E|E,a'  >  .  -  <  E+v,a|H-ElE,a'  >  . 


-     <E,a|7fE,a'  >  +  <  E,a|7lE,a»  > 


+t 


o   o 


Still  another  fonn  for  the  variational  expression  (2.1)  can  be  obtained. 
Equations  (1»3)  and  (1«U)  imply  that  |E,a  >  .  may  be  written  as 


(2.5)     < 


|E,a  >^^  -  |E,a  >  +  Yj(E-H^)V|E,a  >^, 
^<  E,a|T_^|E,a'  >^  -  <  E,a|v|E,a«  >_^ 


where  the  states  lE,a  >   are  essentially  arbitrary.  Then  (2.1)  becomes 
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(2.6)    o-"  E,a|TjE,a'  >  -  <  E,a|viE,a'  >, 


+V- 


<E,a|7Y.(E-HQ)v|E,a'  >  •  <  E,alVY_(E-H^)vlE,a'  >_^ 


[^^<  E,alVY.(E-H^)VT.(E-H^)v|E,a'  >_^  -  ^^<  E,a|7Y.(E-H^)v|E,a'  >_^^ 


where  now  the  states  |E,a  >   are  to  be  regarded  as  the  trial  functions.  The 
variational  principle  is  clearly  independent  of  the  normalization  of  |E,a  >^_» 
In  fact,  it  closely  resembles  the  tisusQ.  form  of  the  Schwinger  variational 
principle. 

One  can  obtain  similar  results  for  the  variational  principle  for  the 
reactance  operator.  The  analogue  of  (2.1)  is 


<E,alT^|E,a'  >  -  <  E,a!vlE,a'  > 


(2.7) 


E,a|lglE,a'  >  [  <  E,a|l.^^|E,a'  >  *     <  E,a|Tg^|E,a'  >] 
<E,a|LlE,a'  > 


where 


<  E,a|l, |E,a'  >  -  lim  <  E+v.alH-ElE.a'  >  , 


v->0 


(2.8)  <   <E,a|L|E,a'  >  -  _<E,a|vlE,a'  >  , 


0   sr 


<E,all^|E,a'  >  =  lim  g<  E+v,a|H-E|E,a«  >^ 


The  trial  state  lE,a  >  is  defined  by 


sr 
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(2.9)   |E,a  >  .  «  |E,a  >  +  |E,a  >   . 


St 


sr 


The  equations  (2.8)  can  also  be  written  as 


<  E,a|l- |E,a'  >  -  lim  o<  E+v,a|H-Ii;|E,a'  >  .  -  ^<  E,a|v|E,a»  >^   , 
V->  0 


(2.10)   < 


^<  E,a|l2|E,a'  >,=  g^<  E,a|v|E,a'  >^  -  ^<  E,a|v|E,a'  >^  , 
<  E,alLlE,a'  >  =  lin  |   .<  E+v,a|H-E|E,a»  >   -  <  E+V,a|H-E|E,a«  > 


o      3'"'"  'o  -  ;_^q|  St 


g^<  E,alv|E,a»  >^  *  ^<  E,a|v|E,a'  >^  \   . 


V 


On  using    the  fact  that   |E,a  >  .   can  always  be  written  as 


St 


(2.11)  < 


|E,a>      -  iE,a>^+5^V|E,a>g^, 

o 

where 


<S,alT  .|E,a'  >     -     <  E,alv|E,a'  > 


'st 


o      o 


ST 


and  where  now  we  regard  jE^a  >      as  the  arbitrary  trial  fanctlon,  we  can  write 

St 

equation  (2.7)  aa 


(2.12) 


<  E,a  T     E,a'  >     "     <  S,a  V  E,a'  > 

0        ''s''  O  0         »iiJ  Q 


o 


<E,alv^    V|E,a.  >^ 

0 


[sv<  ^'^1^  ^^  ^  E^^  ^1^'^'  ^s^r    -    sv<  ^'^'^  EIH^  ^1^'^'  >sv] 


-  7  - 


From  (2.12)  it  is  clear  that  the  variational  principle  yields  a  Heimitian 
approxiniation  to    <  E,a|T  |s,a'  >    for  all  trial  functions   lE,a  >^^  or 
equivalently  |E,a  >     . 


3,     Proof  of  the  variational  principles 

The  variational  principles  (2.1)  and  (2.7)  were  derived  from  siirpler 
forms  given  in  the  Introduction.     We  can,  however,  prove  these  principles 
Independently.     We  shall  now  prove  (2.7)j  the  proof  of  (2.1)  is  almost  identical. 

Let  us  first  prove  that  when  |E,a  >  .   «   |E,a  >     and 
<  E.alT  . |E,a»  >    -    <  E,alT  lB,a'  >  ,  the  principle  (2.7)  gives  the  exact 

O  St  O         O  8  O 

result  for    <E,a|T  |E,a'  >  .     From  (2.10)  and  from 

O  B  U 


(3.1)  (H-E)lE,a  >    -  0 

9 


it  follows  that 


o  > 


(3.2)         < 


o<E,a|LL|E,a'   >o   =     -  o<  E,a|v|E,a»  >o 
<E,a|i2|E,a'  >     -     <E,a|v|s,a'  >^    -     <E,a|v|3,a'  >  , 


o<  5,a|I^iE,a'  >^ 


-g<  E,alv|E,a«  >^   +    <:  E,aIv|E,a'  >^ 


Now,  it  can  be  shown  from  Part  I  that 


(3.3)    g<  E,a|v|E,a«  >^   -  <:  E,alT  |E,a«  >o  -  ^  E,a|v|E,a'  >g  . 


-  8  - 


Hence  a  a  -, 

5:E,a|l   |E,a'  >^    r^E,a|l   |E,a»  >o+ 5:  E,alT   |3,a'  >J 
,<  E,alv|s,a'   >o   -         1 1 i L _J 


(3.U)        o 


<E,a|l3|E,a'  >j 


-,2 

ro<  E,a|T   lE,a»  >o    -   o<  E,alvlE,a«  >oJ 

<E,a|VlE,a'>     - -^= * 

°  °  -o<E,a|T   |E,a'  >o    +   o<E,alv|E,a'  > 


=   o<E,al7iE,a'  >^  +   o<  E,a|T   lE,a»  >o   -    ^E,aIv|E,a'  >^ 


o<  E,a|Tg|E,a'  >o  , 


as  desired. 

We  shall  now  prove  that  the  right-hand  side  of  (2.7)  equals 

<  E,a|T   |E,a'  >    to  the  first  order  in  variations  of   JE.a  >       about    lE.a  > 
oso  ''sv  s 

Let 

(3.5)  |E,a  >^      =      |E,a  >      +     |E,a  >^      , 

where    |E,a  >,    is  regarded  as  small.     Then  from  (2.11) 


(3.6)  |E,a  >^    -     |E,a  >     +    -LvlE,a>^, 

o 


since 

(3.7)  |E,a  >    -   |E,a  >    +     ^  vlE,a  > 

o 


Then  from  (2,10)  and  (3.1) 
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(3.8) 


r 


<E,a|l^|K,a«  >     =  -     <S,alv|E,a>^   +     <  E,a|V  ir:^-  V|E,a  >3_ 


<E,a|vlE,a'  >  , 


<  E,a  r    E.a'  >     =     <  E.a  V   E,a>  > 


^<  E,a|l^|S,a'  > 


V 


+    l<3,alv^VlE,a-  > 


-   ^<E,a|VlS,a'  >  , 


-5=^'^I^e::h^I^*^>i 


-     <E,a|vlE,a'  >     -    j<  E,a|V  ^  V|E,a'  > 

o 


+     <E,a|V|E,a'  > 


to  the  first  order  in   |E,a  >.  . 
Also  from  (2.11) 


(3.9) 


<E,a|T_^|E,a«  >     -     <E,alvlE,a'  >^ 


<  E,a|T    lE,a'  >  +     <  E,a|v|E,a«  > 


0         0 


On  substituting  (3.8)  and  (3.9)  into  the  right-hand  side  of  (2.7)  and  on 
using  (3.3),  one  sees  that  the  coefficients  of  terms  of  first  order  in  |E,a  si 


-ID- 


vanish  and  that  the  right-hand  side  of  (2,7)  is  just  <  E.alT  lE.a'  >  as 

o  s  o 

is  required. 

U,     The  ^-representation 

One  can  easily  express  the  variational  principles  in  terns  of  the 
x-representation.     One  needmerely  express  the  operators     <  E,a|l-|E,a'  >q  , 
etc,  in  terms  of  the  j-representation.     The  principle   (2.1)  and  equations  (2,U) 
become 


(U.l)  <  E,a|TjE,a'  >     = 


Y*(x|E,a)V(x)  Y^   (xlE,a')dx 


J 


< 
o 


E,a|l^|E,a'  >  [  <  E,a|  I^|E,a'  >    ^  <  E,a|T^^|E,a'  >] 
^<E,a|l^|E,a«  >^ 


where 


r 


<E,a|l^|E,a'  >^   "     liiii      T*  (x|E+v,a)(H^-S)  T_^(x|E,a' )dx, 


r 


(U.la)    /    <S,all2|E,a'   >     =         T;^(x|E,a)  V   (x)  Y^  (x|E,a')dx, 


<  E.a  I,  E,a»  >     «     lim 


\ 


Y*j.(x|E+v,a)(H^-E)  Y^^(x|E,a' )dx. 


In  (U»la)  Y       is  defined  by 


(li.lb)        Y^^  (x|E,a) 


<  x!E,a  >  J.-  T^^(x!E,a)  -  Y^(xlE,a). 


The  asymptotic  form  of  Y  . (x|E,a)  will  be  an  outgoing  wave  in  which 

<  E,a|T  . |E,a'  >  will  appear  as  the  amplitude.  We  require  the  asymptotic 

form  of  Y^  (xjE.a)  to  be  an  incoming  wave  with  an  arbitrary  function 

<  E.alT  .  lE.a'  >     as  an  an^ilitude. 
o  +%  0 
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The  principle  in  the  form  (2.6)  is  given  by 


(U.2)    ^<  E,a|T_lE,a'  >  -  [  T*(xlE,a)  V  (x)  T^CxlEjaOdx  -^  , 


where 
(U.2a)    A 


jZf^^(x|E,a)V(x)G^''*(x|x')V(x')TQ(x'|E,a')d»dx' 


(U.2b)    B  =  11  T*(x|E,a)V(x)G^''*(x|xOV(x')0_^(x'lE,a')clxdx', 


(Uo2c)    C 


I( 


5(^^(x|E,a)V(x)G°^*(x|x')V(x')Gj''*(x'  jx")  V(x"  ) 


^  .(x"  (E,a')d»ax'dx" 


,out 


0_^^(xlE,a)V(x)C^'''^(x|x'  )V(x'  y^^ix}  |E,a'  )d»3x' ; 


here/),.  (x|E,a)  are  essentially  arbitrary  functions. 

The  variational  principle  (2,7)  for  the  reactance  matrix  in  terms  of 
the  x-representation  is 


Ml 


<  E.a  T  E.a'  >  » 
O   '  '  s '  '    o 


(U.3) 


T^(x|E,a)V(x)YQ(xlE,a')4£ 

<E,all3|E,a'  >^  [  <  E,a|l^lE,a'  >  *     <  E,a|T^jE,a'  >]  ^ 
<E,ali^lE,a'  > 
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where 


<E,a|l^|E,a«  >     -     Ujn      Y*(x|E+v,a)(l#-E)Tg^(x|E,a' )     dx  , 


(U.3a)  < 


I 


<E,a|l,|E,a«  >    -      T*  (x|E,a)V(x)Y„(x|E,a' )d^, 


sr 


<  E,a|l-|E,a'  >    - 


lijii    T*  (x|E+v,a)(H5^E)l     (x|E,a«  )d5  . 


v->0 


In  (li.3a)  we  have 


(li.3b)        Igj.(x|E,a)  -  <  x|E,a  >^-  J^^{:^\^,b.)  -  T^CxlEja). 


Asymptotically  T       (x|E,a)  will  be  a  linear  combination  of  outgoing  and 
measuring  waves  with  anplitudes    <  E,a|T  ^|E,a'  >  . 
The  vaiiatLonBl  principle  (2,12)  becomes 

f.  A    A  > 

(U.U)         „<  E,alTjE,a'  >    -        T;(x|E,a)V(x)T^(x|E,a' )  -  ^ 

C 


o  "o" 


where 
(U.Ua) 

(U.Ub) 

(U.Uc) 


A  -  jj  ^^(x|E,a)V(x)G|(x|x')?(x')-rQ(x'|E,a')dxdx«, 

B  -J     Y*(x|E,a)V(x)Gj(x|x')V(x');i^gt(x'|E,a«)dKibc', 

C  -  Jjf  0g*(xlE,a)V(x)G^(x|x')V(x')Gg(x'  |x")V(x")  gfg^(x")E,a')dxdx'dx» 
-  Jj  0*^(x|E,a)V(2c)G^(xk'  )7(x'  Vg^(x'  |E,a'  )dxd$.« . 


-  13  - 


5.  Special  cases  of  the  x- xepre sent at ion 

We  shall  now  discuss  the  special  cases  treated  in  Part  I.  All 

notation,  unless  indicated  otherwise,  is  that  used  in  the  coiTesponding 

cases  of  Part  I,  Vfe  shall  restrict  ourselves  to  the  principles  in  the  foim 

(2.1)  and  (2.7). 

A.   The  Radial  Equation  with  Zero  Angular  Momentum  . 
In  this  ease  we  hare 

.CX3 


(5.1) 


<  e|t_|e  >o  ■    "^        sin^krV(r)dr 
Jo 
<k|l5|k  >     f  , 

<k  I,  k  >     l"^  ^ 


k  >     +     <  k  T 
o 


-tlk=^]' 


where 


(^<klL,|k>    "    l±ai    y^  \       sin  k'r 
°        ^       °        k'->k      "Jo  I 


k'->k  >o 


sin  k'r  1  "^  +  V(r)-k^ 
dr 


T_^(r|k)dr, 


(5.1a)  { 


^<  kllglk  ^  =  yi  j      T*^(r!k)V(r)  sin  kr  dr, 

[  -^  +  V(r)-k2J  T^^(rlk)dr, 


o<klI^lk>o 


-    lim     r     T*  (rlk')   I  -^  +  V(r). 

k>W5.1f  Jo  ■^ 


\^  E  -  k^. 


In  (5.1a)  the  subscript  r  is  not  to  be  confused  with  the  radial  cooi^inate  r. 
The  subscript  r  (for  'radiated' )  refers  to  the  part  of  the  trial  function  which 
is  the  scattered  wave.     In  fact  T^  (r|k)  are  any  functions  which  have  the 
asjnnptotic  form  (cf.   Part  I,   (3.11))' 


(5.1b)  Urn    T^^(rlk)  -  -  )^  e'^^  <  e|T^^|e  >   . 


r^^oD 


-Ill  - 


The  variational  principle  for  the  reactance  operator  is 


(5.2) 


<  E  T  E  > 
o   '  s' 


00 


.TcrV(r)dr  - 


o<^|l2'^^o 
o<^1^3'^=^o 


^;:o<kllilk:^+<E|T^jE> 


whei« 


r 


(5.2a) 


foo  2         1 

sin  k'r  [ -  — 2  *  V(r)-k2JTg^(r|k)dr, 


o<  ^'^21^=^0 


/|  j   T*j.(r|k)V(r)  sin  kr  dr. 


o^^'S'^^o 


/ 


1dm 
k»->  k 


®        r   2         1 
Tg^(r|k«)   -^  +  V(r)-k2jT^^(r|k)dr, 
^   dr 


V 


The  trial  function  Y  _  (r|k)  is  required  to  satisfy 

sr 


(5.2b)         lim      V^rjk)  -  -  )^  cos  kr    <  E|Tg^|E  > 
r->  00 
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B,     The  Qne-DijneDsional  Scattering  Problem. 


In  this  oaae  we  havB 


<E,a|TjE,b>      ^      lim^^j^i        U^     |         e"^'^  Y(x)e^dx 


P+oo 
J_oo 


(5.3) 


o<k'|l3lk>     L- 


^    ^^'l^llk^o*    o<^'^IUl^'^>o]   I  » 


where 


o<  ^'  l^l'^  =^0-72^  e-^  I  -  ^  *  V(x)  -k^J  T^^(x|k)dx, 


(5.3a) 


>.  +00 

<k'|l|k>-^  T*  (x|k')V(x)e^dac, 


+00  2  1 

<k'|l   |k>    .  r    T*^(x|k')r.-^+V(x).k2k^(x|k)cbc, 
"^  -'-00  L      dx  J 


2  k'  k 


The  fvmctions  T     (x|k)  should  satisfy  the  aymptotic  conditions 


(5.3b)         Idan      ^xjk)  -  +  y^ie^^'^'  I""'    o<  E,+b|T^^|E,a  >  , 


X      -O    00 


2  k  X 

where  E  «  k  ,  a  »  -m-  ,  b  -  -t—r  . 
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For  the  reactance  operator  the  principle  is 


<  E.a  T    E.b  >    ■     lim 


+00 

-00 


-ik'x  _/   \  ikx. 
e  V(x;e      dx 


(^.li) 


o<^'|l2lk>^ 
o<^'lS'^=^o 


[n 


icT  o< 


^'1^1^  ^'*  o<^'^i^sti^'^n>] 


where 


<  k'  iJk  > 
o        '  1'      o 


+00 


y-00 


-ik'x  rzd^^v(x)-k2l  T3^(x|k)dx, 
L  dx 


+00 


<k'|lo|k>=      — 
°  2'      o       ^ 


T*^(x|k')V(x)e^dx, 


(5.Ua)   / 


-00 


+00 

<  k'|l.|k  >    -     I         T*  (x 
o  3       o         I  sr 

/-GO 


kof  -  -%  +  V(x)-k2jTgj.(x|k)dx 


?  k'  k 


V 


Ik'l  M 


In  (5»Ua)  we  require 
(5.Ub)         .   lljn        Tgj.(xlk)  -  -/|i 


X    ^  as 


,i|^Nx|<,,„,^j,,,, 


-e-^l^llxl       E,-b|TjE,a> 


St'    »       o 


y 


2  k  X 

where  E  ■  k  ,  a  ■  — —  .  b  ■  —  . 

|k|  |x| 
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C,  The  Three-DJjnensional  Scattering  Problem. 
In  this  case) 

<  EjQI  0'  |t   |E,9,^  >  =     lira 
°  -  °       Ik'l   ->   Ikl 


(5.5) 


|2(2n)- 


r  A     a     •     qm1/2   I     -i  k'«x  „/   \   i  k-x, 
(sin  e  sin  9  ;  '         e      -    -  V(x)e    — dx 

J 


<k'  I,  k> 
<k'|l,|k>     L 


FM  (sine  sin9')^/%<k'lL^|k 


> 
o 


+     <  E 
o 


,9'^'|T_^|E,e,J2f  >1 


where 


f     <  k'lL,  Ik  >    - 


1  [  e-^'-?[-V^V(x).|k|2]Y_^(^|k)dx  , 


(5.5a)    < 


<  !<■• 

^2 

k 

> 
0 

s 

1 

0    - 

(2n)3/^ 

0<^' 

S 

k 

> 
0 

- 

T!j3clk')7(x)e^-~^dx, 


+r 


jT*^(x|k')[-v2H.V(x)-lk|2J  T_^^(x|k)dx; 


E  "   |]t|    J  9,  0  are  the  polar  angles  of  kj  9',  0'   are  the  polar 
\  angles  of  k'. 


The  requirements  on  T^   (xlk)  are  that  these  functions  should  have  the  asymptotic 
form 


±r 
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f 


(5.5b) 


lijn  T     (x|k)  « 

I  -r  -  - 

X     ->  oo 


■faitr — 


(sin©  sin  s')""'-/^ 


<E,9',0'1t_^|e,9,0>, 


lim 


I^  (.Ik)  =     -^"-""^'-'    (sin  e  sin  «')-^/2 
>co   •'^  --  Ullkl 


Wild 


.     <E,ii-9',n+<2f'|T^^|E,e,9f  >   5 


E  =  |k|  ;  9,9^  are  the  polar  angles  of  kj  9,0  are  the  polar  angles  of  x 


For  the  reactance  operator  the  principle  is 


o<E,9',0'1t  |E,©,i2f  >    «    lijn  {^ ,  (sin  9  sin  ©' )-'-/^ 

^  Ik'l  ->  Ik|        2(2n)3 


(5.6) 


-ik'.x   „/    \     ik«x, 
3     -    -   V  (x)  e  ~  -dx 


<k'  I^hc  >       L 


o'-   -3^  'o 


+  <E,9',jZl'|Tg^|E,9,j2f  >| 


vhere 
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r 


<  k 


k'l^lk 


>  = 

o 


(2n) 


jn 


-ik 


'•5[-V^  +  V(x)  -    lk|2J  Tg^(x|k)dx, 


(5.6a)    < 


o<^j|l2l^=*o 


<  k'   I,  k  >  . 


(2n) 


572 


T*^(x|k')V(x)e^^*?dx, 


J 


<r^^|k')[-V^  7(x)  -   |k|2]  T^^(x|k)cix   ; 


V 


E  «•   |k!    J  e,0  are  the  polar  angles  of  k^  e',0'   are  the  polar  angles 

of  k'. 


In  (5.6a)  we  require 

Id.     _  V;|k)  .  -  /I  Unn-  (si.  6  sin  e')-^/^ 


X      ->   00 


(5.6b) 


I  <E,9',0'|T3jE,9,0>    e^WW,  ,<  E,«^' ,n^ '  |T3jE,e,)fi  >  e-^l^l  l^l 


E  »  |k|   ,  9,^  are  the  polar  angles  of  kj  ©',  ^    are  the  polar 
angles  of  k'. 


D.     Scattering  of  an  Electron  by  an  Atom 
Now  we  have  ^ 


<E,6',0',n'|T_|E,e,0,n>     =  lijn 


1       (|k||k'lsin  e  sine')^ 


(2n)- 


V 


(5.7) 


rr 

-ik'.x    ^* 


■^j 


ik.x 


7C*(j|n')7(x,j)e'^*^  %(y|n)cbKteL 


<fcSn'|l2lk„n> 
<kSn'|l3|k,n.> 


(Ikjlk'lsine  sin  4^^^^ 


k'>n'|liljlL.n 


> 
o 


+    < 
o 


E,e',0',n'|T_^|E,6,0,n> 
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where  we  require 


r 


(5.7a)  ^ 


<kSn'|li|k,n>    -    -^Jje-^'*3?x*(ylnO[H-|k|2-EjT_^(x,^lk,n)^^ 


<k',n'|l«|k,n> 


2'-'°  °    T^^ 


ik.x. 


<r(?,zlKSn' )V(x,y)e^*^):(y|n)dxa3r, 


< 
o 


kSnMl3lic,n>-jrT*^(x,y|k',nO[H-|kl2_EjT_j.(x,y!k^ 


E  =  |k|  +  E^j  e'  =  |k'|^  +  E^,j  ©,  0  are  the  polar  angles  of  kj 

9'  /J'  are  the  polar  angles  o^Js'j 
H  =  -V^  +  H^^^  +  V(x,y). 

V. 


Also 


/ 


(5.7b) 


2n 


.1/2 


lam   T  (x,jjk,n)  -  -F^]    (sin  &  sin  ©') 


..^-1/2 


X   ^>0D 


\\\ 


iikn.M^Ll. 


n' 


\^\  K. 


|l72  '^(?|n')  <E,e',jZf',n'lT_^|E,e,0,n>  , 


1x1 


1^    V5»y|k,n)  -  -/-ii  \    (sin  6  sin  9'  )  ^'^  Z.  JTi H^ 

•OD  ^  llkl  I  n'  |x||k  J-^/'^ 


.%(y|n')  <E,n-6',n4^'|T^t|E,9,0,n>^  , 


v 


|kn'l^*^n'  =  ^"  Ik|^*  V  ^n  =  ^5 
6j5f  are  the  polar  angles  of  kj  9  ,0  are  the  polar  angles  of  x. 
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The  variational  principle  for  the  reactance  matrix  is 


(^.8)    5=E,e',0  ,n'lTjE,e,{2f,n> 


li^    <     A_  (ldllL'lsin9  3ine')^/^ 


^-ik.X     ^*(^|^,) 


•V(x,3:)9^  ^•5^(y,n)ctaly 


<  k',n'|lolk,n  > 
<k',n'|i^|k,n> 


(|k||k'lsine  sin  e')"^/^  a 


+    <E,&',9f',n'|Tg^|E,e,iZ5,n> 


where 


r 


< 
o 


k',n'|lLik,n>-    -^    jj  e"^-'*?   %*(y|A   •    [H-|k|2.E^]Y^^(x,y|k,n)d^j^ 


(2n)- 


<  k',n'|T2|k,n  >    -  --i_  j j  T;^(x,ylk',n>)V(x,y)e^*5y(y|n)dxd^, 


(5.8a)    < 


(2n) 


o<r>^'|l3lk»n>-JJ  Y*^(5>y|kSnO[H-|k|2-EjT^^(x,y|k,n)dxdy  . 


E  =  |k  1^  +  E  :  e'  «  Ik'l^  +  E  J  9,0  are  the  polar  angles  of  kj 


n 


©',0'  are  the  polar  angles  of  k«. 


V 


In  (^.Sa)  we  reqalre 
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1/2 


Im   T  (x|k,n)  -  -/-f-\  '   (gin  e  sin  e')"^/^ 


.^XW"')if:!^,<E.«',0',„.lT3lE,M.n> 


n 


(^.8b) 


l-l|k,.|- 


1^1 1^^  |1/^  o=^>"-®  ''^^  ,n'|Tg|E,9,;2f,n> 


— n' 


E  -  Ikl^  +  E  -  Ik  ,1^  +  E  ,J  k  -  k. 


0,0  axe   the  polar  angles  of  k;  9'>  eJ'  are  the  polar  angles  of  x. 
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